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Abstract
Spacetime must be foliable by spacelike surfaces for the quantum me-
chanics of matter fields to be formulated in terms of a unitarily evolving state
vector defined on spacelike surfaces. When a spacetime cannot be foliated by
spacelike surfaces, as in the case of spacetimes with closed timelike curves, a
more general formulation of quantum mechanics is required. In such gener-
alizations the transition matrix between alternatives in regions of spacetime
where states can be defined may be non-unitary. This paper describes a gen-
eralized quantum mechanics whose probabilities consistently obey the rules
of probability theory even in the presence of such non-unitarity. The usual
notion of state on a spacelike surface is lost in this generalization and fa-
miliar notions of causality are modified. There is no signaling outside the
light cone, no non-conservation of energy, no “Everett phones”, and prob-
abilities of present events do not depend on particular alternatives of the
future. However, the generalization is acausal in the sense that the existence
of non-chronal regions of spacetime in the future can affect the probabilities of
alternatives today. The detectability of non-unitary evolution and violations
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of causality in measurement situations are briefly considered. The evolution
of information in non-chronal spacetimes is described.
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I. INTRODUCTION
Conventional formulations of the quantum mechanics of matter fields in a curved back-
ground spacetime require that this spacetime be foliable by a family of spacelike surfaces. A
family of spacelike surfaces is needed just to define a state of the matter fields on a spacelike
surface and the progress of this state into the future by either unitary evolution between
spacelike surfaces or by “state vector reduction” on them. However, not all spacetimes ad-
mit a foliation by spacelike surfaces. For example, spacetimes with closed timelike curves,
such as would be produced by the motion of wormhole mouths, permit no foliating family
of spacelike surfaces [1]. The quantum mechanics of matter fields in spacetimes with such
non-chronal regions therefore cannot be formulated in terms of the evolution of states on
spacelike surfaces. Rather, a more general formulation of quantum mechanics is required.
Generalizations based on the ideas of quantum computation have been described by Deutsch
[2] and generalizations based on the algebraic approach to field theory have been discussed
by Yurtsever [3]. Here, we pursue another class of generalizations based on the sum-over-
histories formulation of quantum theory. Generalizations of this kind have previously been
discussed by Klinkhammer and Thorne [4], Friedman, Simon, and Papastamatiou [5] and the
author [6]. Specifically, we explore the notions of unitarity and causality and the connections
between them in this class of generalizations.
Feynman’s sum-over-histories formulation of quantum mechanics is a natural route to
a generalized quantum mechanics of matter fields in spacetimes with non-chronal regions
because, with it, quantum mechanics may be cast into a fully spacetime form that does
not employ a notion of state on a foliating family of spacelike surfaces [4–6]. For exam-
ple, in the sum-over-histories formulation, quantum dynamics is expressed, not through a
differential equation, but rather by giving the amplitude for a fine-grained field history —
a four-dimensional field configuration, φ(x). In Feynman’s prescription this amplitude is
proportional to
exp(iS[φ(x)]/h¯) (1.1)
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where S is the action functional for the field. Quantum dynamics can be defined in this way
even when spacetime contains non-chronal regions. The alternatives potentially assigned
probabilities by quantum theory can also be described four-dimensionally as partitions,
or coarse grainings, of the fine-grained field histories into classes. For instance, the four-
dimensional field histories could be partitioned by the values of the field configurations φ(x)
on a spacelike surface σ. The amplitudes for such alternatives define state functionals on σ in
familiar quantum theories formulated in terms of states on spacelike surfaces. However, even
in non-chronal regions, where there are no foliating families of spacelike surfaces, we can still
define meaningful coarse-grainings of four-dimensional field configurations. For example, we
could partition the field histories by the value of a field averaged over a region of spacetime
deep inside a wormhole throat. A decoherence functional defining the interference between
such individual alternatives may be defined and the probabilities for decohering sets of
alternatives calculated. In this way the quantum theory of fields may be put into fully
four-dimensional form free from the need of a foliating family of spacelike surfaces [6–9].
If the non-chronal regions of spacetime are bounded, then the spacetime contains initial
and final regions before and after the non-chronal one in which familiar alternatives of
the spatial field configurations can be defined on spacelike surfaces (Figure 1). Transition
probabilities between such alternatives are of interest. Transition amplitudes between a
definite spatial field configuration, φ′(x), on an initial spacelike surface σ′ and a configuration
φ′′(x) on a final surface σ′′ are given by a sum-over-histories expression of the form
〈φ′′(x), σ′′|φ′(x), σ′〉 =
∫
[φ′,φ′′]
δφ exp(iS[φ(x)]/h¯) . (1.2)
The sum is over four-dimensional field configurations between σ′ and σ′′ that match the
prescribed spatial configurations on those surfaces. By such methods, for example, an S-
matrix for scattering through spacetime regions with closed timelike curves could be defined
and calculated.
When spacetime can be foliated by a family of spacelike surfaces, eq. (1.2) coincides with
the unitary evolution operator generated by the Hamiltonian for the family. That is because,
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as Dirac [10] and Feynman [11] showed, when two spacelike surfaces are close together, the
matrix elements of the operator effecting unitary evolution between them is proportional to
exp(iS) where S is the action of the classical field history interpolating between the two.
Explicitly in the case of two constant-time surfaces in Minkowksi space
exp {iS [φ′′(x), t′′;φ′(x), t′] /h¯} ∝ 〈φ′′(x)| exp [−iH(t′′ − t′)/h¯] |φ′(x)〉 . (1.3)
However, in the absence of a connection like (1.3), or even a well defined meaning for its
right hand side, there is no particular reason to expect a construction like (1.2) to yield a
unitary transition matrix.1 Calculations by Klinkhammer and Thorne [4] in non-relativistic
quantum mechanics first suggested that the evolution defined by (1.2) might be non-unitary.
General results of Friedman, Papastamatiou and Simon [5,12] in field theory, and explicit
examples of Boulware [13] and Politzer [14], show the following: The scattering matrix
constructed from the sum-over-histories (1.2) is unitary for free field theories in spacetimes
with closed timelike curves, but not, in general for interacting theories, order by order in
perturbation theory.2 This paper discusses the implications of this non-unitarity.
Even were spacetime foliable by spacelike surfaces it would still be difficult to reconcile
non-unitary evolution with the notion of state on a spacelike surface. The reasons, stated
clearly by T. Jacobson [17], are reviewed in Section II. However, a generalized quantum
mechanics neither requires, nor does it always permit, a notion of “state on a spacelike
surface”. In Section III we spell out enough details of the generalized sum-over-histories
quantum mechanics sketched above to show how it consistently incorporates non-unitary
evolution represented by the transition matrix (1.2) without employing a notion of state. The
price for this generalization is not only the absence of a notion of state on a spacelike surface,
1A conclusion also reached by Deutsch [2] from the point of view of quantum computation.
2Goldwirth, Perry and Piran [15] concluded that even free theories were non-unitary. This was
corrected in [16], where some of the results of Klinkhammer and Thorne [4] for free theories are
included.
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but also a violation of causality that is discussed in Section IV. There is no violation of
causality in the sense that signals propagate outside the light cone. Neither do probabilities
in the present depend on specific alternatives in the future. However, the existence of future
non-chronal regions of spacetime will influence probabilities in the present. A theory of the
future geometry of spacetime, as well as of the initial condition of the closed system and the
geometry up to the present, is thus required for present prediction.
The theory of laboratory scattering measurements in the presence of non-chronal regions
is developed in Section V and used to give a preliminary discussion of how violations of
unitarity and causality might be detected. In Section VI we introduce a notion of spacetime
information that is not tied to a notion of state on a spacelike surface and shows how it
evolves in a spacetime with non-chronal regions. Section VII shows that various anomalies
such as non-conservation of energy, signaling faster than light, and communication between
non-interfering branches that exist in some other generalizations of quantum mechanics are
absent from this one.
II. NON-UNITARITY AND THE QUANTUM MECHANICS OF STATES
In its simplest interpretations, non-unitary evolution of a quantum state defined on
spacelike surfaces is either inconsistent, or, as shown by T. Jacobson [17], dependent on the
choice of spacelike surfaces. This section briefly reviews these arguments.
We consider a fixed background spacetime containing a bounded, non-chronal region
NC, as shown in Figure 1. Consider an initial state |ψ(σ′)〉 on a spacelike surface σ′ before3
NC. Suppose its evolution to a spacelike surface σ′′ after NC is given by a non-unitary
evolution operator X:
|ψ(σ′′)〉 = X|ψ(σ′)〉 . (2.1)
3We shall be more precise about the meanings of “before” and “after” in Section III.
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We now consider the calculation of the probabilities of an exhaustive set of exclusive al-
ternatives on this spacelike surface represented by a set of (Schro¨dinger-picture) projection
operators satisfying
∑
α
Pα = 1 , PαPβ = δαβPβ . (2.2)
What rule should be used to calculate these probabilities?
The usual prescription for the probability of the alternative corresponding to Pα on σ is
p(α; σ) =‖ Pα|ψ(σ)〉 ‖
2 . (2.3)
If |ψ(σ′)〉 is normalized so that
∑
α
p(α; σ′) = 1 , (2.4)
then (2.1) will imply for the probabilities of the same alternatives on the later surface
∑
α
p(α; σ′′) =
〈
ψ(σ′)|X†X|ψ(σ)
〉
6= 1 . (2.5)
When X is not unitary, probability is not conserved and the prescription (2.3) for assigning
probabilities is thus inconsistent.
The generalization of (2.3)
p(α; σ) =
‖ Pα|ψ(σ)〉 ‖2
‖ |ψ(σ)〉 ‖2
(2.6)
suggests itself as a way of maintaining the requirement that the probabilities of an exhaustive
set of alternatives sum to unity. However, Jacobson [17] has shown that this rule is not
covariant with respect to the choice of spacelike surfaces. Consider a set of alternatives
{Pα(R)} that distinguish only properties of fields on a spacelike surface that are restricted
to a region R that is spacelike separated from a non-chronal region NC. For example, an
exhaustive set of ranges of the average of a field over R defines one such set of alternatives.
Since R is spacelike to NC it may be considered either as a part of a spacelike surface σ′
that is before NC or as part of a spacelike surface σ′′ that is after NC (Figure 2). According
to (2.6) and (2.1), the probabilities for the alternatives {α} evaluated on σ′ would be
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p(α; σ′) =
〈ψ(σ′)|Pα(R)|ψ(σ′)〉
〈ψ(σ′)|ψ(σ′)〉
, (2.7)
while on σ′′ they would be
p(α; σ′′) =
〈
ψ(σ′)|X†Pα(R)X|ψ(σ′)
〉
〈
ψ(σ′)|X†X|ψ(σ′)
〉 . (2.8)
These must be equal since the alternatives are the same.
A state on σ′ that is an eigenvector of the field configuration φ(x) with xǫR, evolves
into a state on σ′′ that is also an eigenvector of φ(x), with xǫR, having the same eigenvalue.
Thus,
[X,Pα(R)] = 0 . (2.9)
Were X unitary, (2.9) would imply the equality of the numerators in (2.7) and (2.8) and of
the denominators. However, when X is non-unitary the expressions (2.7) and (2.8) cannot
be equal for all states |ψ(σ)〉. Non-unitary evolution therefore implies that the probabilities
for the alternatives {Pα(R)} are different on σ′ and σ′′. Quantum mechanics defined by the
rule (2.6) is not covariant with respect to the choice of spacelike surfaces unless the evolution
is unitary. This is the essence of Jacobson’s argument.
Thus a non-unitary transition matrix, say constructed by a sum-over-histories as in (1.2),
cannot be used to construct a quantum mechanics in which probabilities are computed from
a “state of the system on a spacelike surface” using either of the prescriptions (2.1) or
(2.6) if we insist on covariance with respect to the choice of spacelike surfaces. In the next
Section we shall show how a generalized quantum mechanics that avoids this problem can
be constructed incorporating such non-unitary transition matrices. Such generalizations will
not, of course, admit a notion of “state on a spacelike surface” in any of the senses discussed
in this Section.
III. GENERALIZED QUANTUM MECHANICS
In this Section we will spell out more concretely some details of generalized quantum
theories that consistently incorporate non-unitary evolution. We have described the princi-
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ples of generalized quantum mechanics elsewhere [6,9] and do not review them here. The
sum-over-histories quantum mechanics for non-chronal spacetimes that was sketched in the
Introduction is one example of a generalized quantum mechanics incorporating non-unitary
evolution. However, it turns out that with respect to alternatives defined on spacelike sur-
faces where they exist, and the transitions between them, a more general discussion can be
given which is largely independent of the specific mechanism of non-unitarity [for example
that of (1.2)]. We shall exhibit this general framework.
We are concerned most generally with the quantum mechanics of a closed system con-
taining both observers and observed, measuring apparatus and measured subsystems. In
the present investigation, the closed system is an interacting quantum field theory in a fixed
given, background spacetime geometry. To keep the notation manageable we shall consider
a single, scalar field, φ(x). We shall assume that spacetime outside a bounded region NC is
foliable by spacelike surfaces (see Figure 3). Thus we can identify an initial region IN (NC)
outside of NC, no point of which can be reached from any point of NC by a timelike curve
that is future pointing outside of NC. IN (NC) is foliable by spacelike surfaces. Similarly
we can define a final region FN (NC) [generally overlapping IN (NC)] that is foliable by
spacelike surfaces. We will loosely refer to IN (NC) as “before” NC and FN (NC) as
“after” NC. Later we can consider the case of several disjoint non-chronal regions.
The most general objective of a quantum theory is the prediction of the probabilities
of the individual histories in an exhaustive set of alternative, coarse-grained histories of
the closed system. As mentioned above, we shall restrict attention in this paper to sets of
histories consisting of alternatives defined on spacelike surfaces foliating the initial and final
regions. This has the advantage that the usual apparatus of operators on Hilbert space may
be used to describe these alternatives.4
In the Schro¨dinger picture, an exhaustive and exclusive set of alternatives defined on a
4For discussion of more general classes of spacetime alternatives see, e.g. [6,7,18]
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spacelike surface corresponds to a set of projection operators {Pα} satisfying (2.2). The Pα,
for example, might be projections onto ranges of values a field averaged over a spatial region
R in the surface. Specifying (generally different) sets of alternatives {P 1α1}, {P
2
α2
}, · · · , {P nαn}
on a sequence of non-intersecting spacelike surfaces σ1, · · · , σn defines a set of coarse-grained
alternative histories for the system. A particular history corresponds to a particular se-
quence of alternatives α1, · · · , αn, that we shall often abreviate by a single index, viz:
α = (α1, · · · , αn). The exhaustive set of histories consists of all possible sequences {α}.
The histories are coarse grained because not all information is specified that could be spec-
ified. Alternatives are not specified at each and every time, and the alternatives that are
specified do not correspond to a complete set of states unless all the P ’s are one-dimensional.
A quantum theory of a closed system does not assign probabilities to every set of coarse-
grained histories of a closed system. In the two-slit experiment, for example, we cannot assign
probabilities to the alternative histories in which the electron went through one slit or the
other and arrived at a definite point on the detecting screen. It would be inconsistent to do so
because, as a consequence of quantum mechanical interference, these probabilities would not
correctly sum to the probability to arrive at the designated point on the screen. The quantum
mechanics of closed systems assigns probabilities only to the members of sets of alternative,
coarse-grained histories for which there is negligible interference between the individual
histories in the set as a consequence of the system’s dynamics and boundary conditions
[19–21]. Such sets of histories are said to decohere. In a generalized quantum theory, the
interference between histories in a set is measured by a decoherence functional incorporating
information about the system’s dynamics and initial condition. The decoherence functional,
D(α′, α), is a complex function of pairs of histories satisfying certain general conditions that
we shall describe below. The set decoheres if D(α′, α) is sufficiently small for all pairs of
different histories in the set {α}. When that is the case, the probabilities of the individual
histories p(α) are the diagonal elements of D(α′, α). The rule both for when probabilities
may be assigned to a set of coarse-grained histories and what these probabilities are may
thus be summarized by the fundamental formula:
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D(α′, α) ≈ δα′αp(α) . (3.1)
When spacetime is completely foliable by spacelike surfaces, the decoherence functional
of familiar Hamiltonian quantum mechanics is given by
D(α′, α) = Tr
[
P nα′nU(σn, σn−1)P
n−1
α′n−1
U(σn−1, σn−2)
· · ·P 1α′
1
U(σ1, σ0)ρ U (σ0, σ1)P
1
α1
· · ·U(σn−2, σn−1)P
n−1
αn−1
U(σn−1, σn)P
n
αn
]
(3.2)
where ρ is the density matrix describing the initial condition of the system of fields on an
initial spacelike surface, σ0, and U(σ
′′, σ′) is the unitary evolution operator between spacelike
surfaces σ′ and σ′′.
Generalizing the form of the decoherence functional (3.2) generalizes Hamiltonian quan-
tum mechanics. A wide class of generalizations called generalized quantum theories [6,9]
have decoherence functionals that (i) are Hermitian: D(α, α′) = D∗(α′, α), (ii) are nor-
malized: Σαα′D(α, α
′) = 1, (iii) have positive diagonal elements: D(α, α) ≥ 0, and, most
importantly, (iv) obey the principle of superposition in the following sense: A coarse graining
of the set {α} means a partition of that set into a new set of (generally larger) exhaustive
and exclusive classes, {α¯}. A decoherence functional satisfies the principle of superposition
when
D(α¯′, α¯) =
∑
α′ǫα¯′
∑
αǫα¯
D(α′, α) (3.3)
for all coarse grainings {α¯} of {α}. When a set of histories decoheres, and probabilities are
assigned according to the fundamental formula (3.1), the numbers p(α) lie between 0 and 1
and satisfy the most general form of the probability sum rules
p(α¯) =
∑
αǫα¯
p(α) . (3.4)
The decoherence functional of Hamiltonian quantum mechanics, (3.2), is easily seen to satisfy
(i) — (iii), and satisfies sums of the projections in the fine-grained set.
Suppose we consider a spacetime and a single non-chronal region NC and restrict at-
tention to alternatives defined on spacelike surfaces either entirely in the region IN (NC)
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“before” NC or in the region FN (NC) “after” it. Suppose the evolution between a space-
like surface σ− before NC and a spacelike surface σ+ after NC is not described by a unitary
matrix U , but by a non-unitary matrix XS. The decoherence functional (3.2) with U re-
placed by XS no longer satisfies the general requirements (i) — (iv). However, the following
generalization does satisfy them:
D(α′, α) = N Tr
[
P nα′nU(σn, σn−1) · · ·P
k+1
α′
k+1
U(σk+1, σ+)XSU(σ−, σk)P
k
α′
k
· · ·U(σ2, σ1)P 1α′
1
U(σ1, σ0) ρU(σ0, σ1)P
1
α1
U(σ1, σ2) · · ·P kαkU(σk, σ−)X
†
SU(σ+, σk+1)P
k+1
αk+1
· · ·U(σn−1, σn)P nαn
]
(3.5)
where
N−1 = Tr
(
XρX†
)
(3.6)
and σ1, · · · , σk lie before σ− in IN (NC) while σk+1, · · ·σn lie after σ+ in FN (NC).
The expression (3.5) may be simplified by introducing a kind of Heisenberg picture with
operators
P iαi(σi) = U
−1(σi, σ0)P
i
αi
U(σi, σ0) , σ < σ− (3.7a)
P iαi(σi) = U
−1(σi, σf)P
i
αi
U(σi, σf ) , σ > σ+ (3.7b)
and
X = U−1(σ+, σf )XSU(σ−, σ0) . (3.8)
where σf is a final surface in the far future. Then (3.5) is
D(α′, α) = N Tr
[
P nα′n(σn) · · ·P
k+1
α′
k+1
(σk+1)X P
k
α′
k
(σk)
· · ·P 1α′
1
(σ1) ρ P
1
α1
(σ1) · · ·P
k
αk
(σk)X
†P k+1αk+1(σk+1) · · ·P
n
αn
(σn)
]
. (3.9)
The expression can be written even more compactly if we introduce the notation
Cα = P
k
αk
(σk) · · ·P
1
α1
(σ1) (3.10)
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for a chain of projections on spacelike surfaces before σ−, and
Cβ = P
n
βn
(σn) · · ·P
k+1
βk+1
(σk+1) (3.11)
for a chain on spacelike surfaces after σ+. Then
D (β ′, α′; β, α) =
Tr
(
Cβ′XCα′ρC
†
αX
†C†β
)
Tr
(
XρX†
) . (3.12)
The decoherence functional (3.12) defines a quantum mechanics that reduces to the usual
one (3.2) when the evolution is unitary, but generalizes it when it is not. It consistently
assigns probabilities to decoherent sets of histories. There is no issue of the violation of
a probability sum rule like (2.5) here. All probability sum rules (3.4) are satisfied as a
consequence of decoherence including the elementary requirement that the probabilities of
an exhaustive set of alternatives sum to 1. Neither is there hypersurface dependence of local
probabilities as with Jacobson’s rule (2.6). From (3.12) it follows that the probability of a
set of alternatives Pα(R) that distinguish only field values on a local piece of a spacelike
surface R that is everywhere spacelike separated from the non-chronal region NC are
p(α, σ′) = N Tr
[
XPα(R)ρPα(R)X
†
]
(3.13)
when R is considered part of a spacelike surface σ′ to the before NC, and given by
p(α; σ′′) = N Tr
[
Pα(R)XρX
†Pα(R)
]
(3.14)
when R is considered part of a spacelike surface after NC. However, since Pα(R) and X
commute [cf. Eq. (2.8)], eqs (3.13) and (3.14) are equivalent. The rule (2.6) includes or does
not include the non-unitary evolution operator X depending on which surface is chosen. By
contrast the rules (3.13) and (3.14) both include an X. The order of the X with respect to
projection operator representing the alternative in R is different depending on whether R
is considered a part of σ′ or σ′′, but that order is immaterial since the operators commute.
The generalized quantum mechanics defined by the decoherence functional (3.12) is thus
consistent with elementary requirements. In the following we shall explore its consequences.
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IV. CAUSALITY
The past influences the future but the future does not influence the past; that is the
essence of causality. A fixed spacetime geometry whose causal structure defines “future”
and “past” as needed just to ask whether a theory is consistent with causality or not. A
fixed background spacetime has been assumed for the field theories that are the concern of
this paper, but the future and past cannot be unambiguously distinguished for points inside
non-chronal regions connected by closed timelike curves. However, we can ask whether the
probabilities of a set of alternatives defined entirely outside such regions are independent of
the geometry of spacetime to their future. It is straightforward to see that the generalized
quantum mechanics of matter fields described in the previous Section is not causal in this
sense if the evolution through non-chronal regions is not unitary.
Suppose that spacetime contains a single non-chronal region that is to our future and
we are concerned with the probabilities of a chain of alternatives Cα all occurring before the
non-chronal region. If these alternatives decohere, then their probabilities p(α) are given,
according to (3.1) and (3.12) by
p(α) = N Tr(XCαρC
†
αX
†) (4.1)
where X describes the evolution through the non-chronal region and N−1 = Tr(XρX†).
Were X unitary, the cyclic property of the trace could then be used to show
p(α) = Tr(CαρC
†
α) . (4.2)
Eq. (4.2) could then be written out in the Schro¨dinger picture using (3.5). Since only
U(σ, σ0) for values of σ less than the last σn occur in the chain Cα, there is no dependence
on the geometry of spacetime to the future of the surface σn, whether or not it contains
non-chronal regions. In this sense, unitary evolution leads to causality.
If X is not unitary then the probabilities defined by (4.1) depend on the future geometry
of spacetime. Experiments could, in principle, detect the existence of non-chronal regions in
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our future by testing whether present data is better fit by (4.2) or (4.1) with the appropriate
X. We shall return to some simple considerations of such experiments in Section V.
Another way of seeing that information about the future is required to calculate present
probabilities is to write ρf = X
†X and use the cyclic property of the trace to reorganize
(4.1) as
p(α) = N Tr(ρfCαρC
†
α) (4.3)
where now N−1 = Tr(ρfρ). Eq. (4.3) is the formula for the probabilities of a generalized
quantum mechanics with both an initial condition ρ and a final condition ρf . Such gen-
eralizations were discussed in [19] and [22] for the quantum mechanics of closed systems.
Information about both the future and the past is required to make predictions in the present.
In the example under discussion, that information concerns the failure of unitarity in the
future arising from non-chronal regions of spacetime.
The notion of state of the system on a spacelike surface provides the most familiar
expression of causality in usual quantum mechanics. From a knowledge of the state in the
present, all future probabilities may be predicted. Thus the present determines the future.
We next show that the generalized quantum mechanics under discussion does not contain
such a notion of state.
When the probability formula is the usual (4.2), it is straightforward reformulate it in
terms of states on spacelike surfaces. Let σ denote the spacelike surface defining the present,
let Cα denote a history of alternatives that have already happened, and Cβ a history of
future alternatives whose probabilities we wish to predict. The conditional probability for
the future alternatives given the past ones is,
p(β|α) = p(β, α)/p(α) . (4.4)
If the joint probabilities on the right hand side of (4.4) are given by (4.2), then p(β|α) can
be written in terms of an effective density matrix ρeff defined on σ as
p(β|α) = Tr[Cβρeff(σ)C
†
β] , (4.5)
15
where
ρeff(σ) =
CαρC
†
α
Tr(CαρC
†
α)
. (4.6)
The density matrix ρeff(σ) is the usual notion of state on a spacelike surface. As σ
advances, ρeff(σ) is constant in time in this Heisenberg picture until the time of a new
alternative is reached at which point it is “reduced” by the addition of a new projection to
the chain Cα. The conditional probabilities of future decoherent alternatives continue to be
given by (4.5) with the new ρeff(σ).
If the probability formula is (4.1) or (4.3) then it is not possible to construct a ρeff
on a spacelike surface from which alone future probabilities can be predicted.5 Additional
information about the existence of future non-chronal regions summarized by ρf in (4.2) is
required. There is thus no notion of the state of the system on a spacelike surface in this
generalized quantum mechanics.
The existence of non-unitary evolution in the future not only acausally affects the prob-
abilities of present alternatives, it also affects their decoherence. Consider, for example, a
set of histories defined by alternatives {Pα(σ)} a single spacelike surface that is before any
non-chronal region. The decoherence functional according to (3.13) is
D(α′, α) = N Tr[XPα′(σ)ρPα(σ)X
†] . (4.7)
WereX unitary, any set of alternatives automatically decoheres because of the cyclic property
of the trace. If X is non-unitary then only certain sets of Pα will decohere. Decoherence
is therefore acausally affected by the spacetime geometry of the future. However, typical
mechanisms of decoherence that involve the rapid dispersal of phase information among
ignored variables that interact with those of interest operate essentially locally in time.6
5This is evident from the formulae (4.1) and (4.3) and has been widely discussed in quantum
mechanics in various contexts. See [23,24,21] for recent examples.
6See, for example, the discussion in [21] and the references therein.
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Such mechanisms may be essentially unaffected by non-unitary evolution in the future. We
may, for example, continue to expect the decoherence of alternatives that define the present
quasiclassical domain of familiar experience even in the presence of a modest number of
future non-chronal regions.
As we have seen, generalized quantum mechanics with non-unitary evolution violates
causality because information about the future is required to calculate the probabilities in
the present. However, it is important to stress that it is not information about the specific
alternatives that occur in the future that is required. Rather it is information about the
future geometry of spacetime that enters as a fixed input in this quantum field theory in
curved spacetime. Independence of present probabilities on specific alternatives that occur
in the future is guaranteed by the probability sum rules that follow from decoherence. If
{α} denotes a set of alternatives accessible to us and {β} another set in the future such that
{α, β} decoheres, then the probability of alternative α can be calculated two ways. First it
can be calculated directly from (4.1). Second, it can be calculated by saying that one of the
alternatives {β} occurs in the future and summing p(α, β) over the unknown values of {β}.
These two calculations agree because the alternatives {α, β} decohere, [cf. (3.4)]
p(α) ≈
∑
β
p(α, β) . (4.8)
For example7, suppose a non-chronal region of spacetime exists in the future but is contained
inside an impenetrable box with a door. Observers in the future have the alternatives of
opening the door to let fields propagate in this region or leaving it closed and preventing
fields from interacting with it. Present probabilities are affected by the existence of such a
region, whether the door is opened or not, but unaffected by the specific decision the future
observers take.
In a quantum mechanics based on the decoherence of coarse-grained sets of alterna-
tive histories, probability sum rules like (4.8) hold in much wider circumstances than those
7Suggested to the author by J. Friedman
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described above. For example, the probabilities of alternatives {α} in the present are in-
dependent of specific unknown alternatives {β} whether these are in the future, past or
spacelike separated from {α} provided the joint set of alternatives decoheres. Even in a
quantum theory of gravity where spacetime geometry is a dynamical variable, and we could
envision observers in the future deciding whether to create non-chronal regions or not, simi-
lar results would be expected to hold. Thus we could not determine by present observations
whether observers in the future will decide to build Morris, Thorne, Yurtsever-type time
machines.
V. TESTING NON-UNITARY EVOLUTION AND CAUSALITY VIOLATION
How might the non-unitary evolution and causality violation of the present generalized
quantum mechanics of non-chronal spacetimes be tested in the laboratory? This section
offers a preliminary discussion.
We begin with a simple model of scattering through a non-chronal region of spacetime.
More specifically, we imagine that a small non-chronal region of spacetime has been located
and that we direct particle beams so as to interact in that region, measuring their asymptotic
states by apparatus that does not itself interact with the non-chronal region to a good
approximation. The incoming particles are prepared in pure initial states and final pure
states are detected by the apparatus. This is certainly not the most general measurement
situation that can be envisioned but gives a simple illustration of the effects of non-unitarity.8
We suppose the Hilbert space of the closed system factors into a tensor product, Hs⊗ Hr
of a Hilbert space Hs describing the scattering particles and a Hilbert space Hr describing
the rest, including the apparatus for preparation and detection. We consider an initial state
8Amore general measurement theory may be exhibited along the lines described in Ref. [6], Section
II.10. It is subject to limitations of the character described in Ref. [7] regarding the influence of
the measuring apparatus on the probabilities of the measured alternatives.
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ρ at time t1 corresponding to the preparation of the experiment as described above. We
consider the alternatives for the scattering particles in which they are prepared and detected
in members of complete sets of states {|α, t〉} in Hs at various times (e.g., wave packets with
approximately definite momentum). These alternatives are represented as a set of projection
operators
Sα(t) = |α, t〉〈α, t| ⊗ Ir (5.1)
in the Heisenberg-like picture represented in Section III.
The histories describing the scattering process are represented by the chains Sβ(t2)Sα(t1)
where t1 and t2 are the initial and final times of the scattering process. The decoherence
functional for these histories is then [cf. (3.9)]
D (β ′, α′; βα) = N Tr
[
Sβ′(t2)XSα′(t1)ρSα(t1)X
†Sβ(t2)
]
(5.2)
where N is given by (3.6).
The defining assumption of the model is that, with an initial ρ appropriate to the exper-
imental set-up described above, the non-unitary evolution operator X effectively acts only
on Hs. Noting that the decoherence of the alternatives β at time t2 is automatic because of
the cyclic property of the trace, we may then write
D (β ′, α′; β, α) = δβ′βN 〈β, t2|X|α
′, t1〉 〈α
′, t1|Sp(ρ)|α, t1〉
〈
α, t1|X
†|β, t2
〉
(5.3)
where Sp(ρ) is the operator on Hs that is the trace of ρ over Hr and X is the restriction of
the non-unitary evolution to Hs.
The decoherence of the measured alternatives α at the initial time t1 is not automatic.
However, in this model of a measurement we assume that the interaction of the particles
with the apparatus effects the decoherence of the alternative initial states of the particles,
say, by correlation with an independent, persistent record of the their initial state (as in
Ref. [6], Section II.10). Effectively we assume
〈α′, t1|Sp(ρ)|α, t1〉 ∝ δα′α . (5.4)
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The joint probabilities for this now decoherent set of histories are
p(β, α) = N | 〈β, t2|X|α, t1〉 |
2 〈α, t1|Sp(ρ)|α, t1〉 . (5.5)
In scattering experiments it is not so much the joint probability p(β, α) of both initial
and final states that is of interest, but rather the conditional probability p(β|α) of a final
state, β, given an initial one, α. This is constructed in the standard way [cf. (4.4)] with the
result
p(β|α) =
| 〈β, t2|X|α, t1〉 |2
Σβ| 〈β, t2|X|α, t1〉 |
2 . (5.6)
All reference to the external apparatus has canceled from this effective expression for condi-
tional probabilities. Except for the normalizing denominator, (5.6) is the usual expression
the probability of a scattering process. Indeed, were X unitary, the denominator would
be unity. The net effect of the non-unitarity of X has simply been to normalize the usual
quantity |〈βt2|X|αt1〉|2 so that the probability sum rule Σβp(β|α) = 1 is satisfied.
Were small size non-chronal regions widespread in spacetime, the difference between
the probabilities predicted by (5.6) and a standard formula for the same scattering in flat
spacetime would be both a means of detecting such non-chronal regions and verifying the
non-unitarity of evolution through them. In the absence of estimates of the sizes and density
of non-chronal regions and of the X’s which describe the evolution through them, we cannot
provide estimates of the effect of non-unitary evolution here. It is through (5.6), however,
that such effects would be calculated [25].
In a similar way, we could estimate the acausal effects of future non-chronal regions
on present experiments. We would compare standard flat space formulae for probabilities
with those computed from formulae like (3.13) with a non-unitary X describing the effect
of non-chronal regions in the future on present measurement situations. We would then
be led to formulae like (5.3) or (5.6) for the probabilities of the measured subsystem but
with the non-unitary X to the future of the projections describing the measurement. The
measurement situation would have a chance of detecting a departure from strict causality
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only if there were a significant probability that the subsystem under study interacted with
a non-chronal region subsequent to the time of the experiment. If non-chronal regions are
sparse in the future history of spacetime, then we might expect this probability to be very,
very small and the resulting violation of causality negligible. If, however, there were a roiling
sea of non-chronal regions near a generic final singularity, then the probabilities for causality
violation might be more interesting. The present generalized quantum mechanics provides
a way of estimating them.
VI. INFORMATION
In usual quantum mechanics, the state of a system on a spacelike surface σ is as complete
a description of that system as it is possible to give. When the state is given, the missing
information about the system is zero. When it is only possible to give probabilities for
an ensemble of possible states, the system is described by a (Schro¨dinger-picture) density
matrix ρeff(σ). The missing information is then given more generally by
S(σ) = −Tr[ρeff(σ) log ρeff(σ)] (6.1)
which vanishes when the probability is unity for a single state and zero for all orthogonal
ones, i.e., when ρ is pure. This missing information is conserved under unitary evolution.
The generalized quantum mechanics of matter fields in non-chronal spacetimes that is
under discussion in this paper does not generally permit a notion of “state on a spacelike
surface” as discussed in Section IV. How then do we define the information available about
these fields on a spacelike surface? How does this information evolve? This Section is
devoted to some answers to these questions.
As in the discussion of Sections III and IV, we begin by considering a spacetime with
a single non-chronal region. We will consider two spacelike surfaces σ′ and σ
′′
the first of
which is before the non-chronal region and the second after (Figure 1). On these surfaces
we consider decoherent sets of alternatives represented by sets of orthogonal, commuting
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projection operators {P ′β} and {P
′′
β } respectively. The probabilities of these alternatives
are given by the diagonal elements of the decoherence functional, specifically [cf. (3.13) and
(3.14)]
p
(
α; σ′, {P ′β}
)
= N Tr
(
XP ′αρP
′
αX
†
)
, (6.2a)
p
(
α; σ′′,
{
P ′′β
})
= N Tr
(
P ′′αXρX
†P ′′α
)
. (6.2b)
The assumed decoherence of the alternatives allows the probabilities (6.2) to be written
in other useful ways. When (3.1) is satisfied
p(α) ≡ D(α, α) ≈
∑
α′
D(α′, α) ≈
∑
α′
D(α, α′) . (6.3)
yielding the expressions
p
(
α; σ′,
{
P ′β
})
≈ N Tr
(
P ′αρX
†X
)
≈ N Tr
(
P ′αX
†Xρ
)
(6.4a)
p
(
α; σ′′,
{
P ′′β
})
≈ N Tr
(
P ′′αXρX
†
)
. (6.4b)
These relations may be written more symmetrically as
p
(
α; σ′,
{
P ′β
})
≈ Tr (P ′αρˆ) , (6.5a)
p
(
α; σ′′,
{
P ′′β
})
≈ Tr (P ′′α ρ¯) , (6.5b)
Tr
(
ρ[X†X, ρ]
)
≈ 0 , (6.5c)
where ρˆ and ρ¯ are the density matrices
ρˆ = {ρ,X†X}/Tr(XρX†) , (6.6)
ρ¯ = XρX†/Tr(XρX†) , (6.7)
{·, ·} denoting an anticommutator. These relations will be helpful in what follows.
With these preliminaries we turn to a definition of the missing information on a spacelike
surface σ. First, generalizing a construction of Jaynes [26,21], we define, S(σ; {Pβ}), the
missing information on σ relative to a set of alternatives {Pβ} whose probabilities are {pβ}.
This is the maximum of the entropy functional
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S(ρ˜) = −Tr (ρ˜ log ρ˜) (6.8)
over all density matrices ρ˜ that reproduce the probabilities pα through Tr(Pαρ˜) = pα.
Of course, it is possible to lose information about a system by asking stupid questions. To
obtain a good measure of the missing information on a spacelike surface, S(σ), we, therefore,
minimize S(σ; {Pβ}) over all decohering sets of alternatives {Pβ}. Explicitly then,
S(σ) = min
decoherent
{Pα}
{
max
ρ˜ with
Tr(Pαρ˜)=pα
S(ρ˜)
}
. (6.9)
If we assume for a moment that the projections {Pα} are all onto finite dimensional
subspaces of the Hilbert space H, then the density matrix that maximizes S(ρ˜) subject to
the probability constraint is a standard construction
ρ˜max =
∑
α
[p(α; σ, {Pβ})Pα/Tr(Pα)] , (6.10)
and
S(σ; {Pβ}) = S(ρ˜max) =
∑
α
p(α; σ, {Pβ}) log [p(α; σ, {Pβ})/Tr(Pα)] . (6.11)
The limit of {Pα} with infinite trace can then be considered.
Eq. (6.9) defines the missing information a spacelike surface σ and holds whether the
probabilities {pα} for the alternatives {Pα} follow from a notion of state on the spacelike
surface, as in usual quantum mechanics, or from a generalized quantum mechanics deco-
herence functional as in (3.13). It is instructive to see how the familiar result (6.1), is a
consequence of this definition when the probabilities pα are given by a density matrix ρeff(σ)
through
pα = Tr [Pαρeff(σ)] . (6.12)
To see this note that from (6.10), that when (6.12) holds
− Tr [ρ˜max log ρ˜max] = −Tr [ρeff(σ) log ρ˜max] . (6.13)
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The inequality9
− Tr (ρ1 log ρ2) ≥ −Tr (ρ1 log ρ1) , (6.14)
which holds for any two density matrices ρ1 and ρ2, then implies
S (α; {Pα}) ≡ S (ρ˜max) ≥ S [ρeff(σ)] . (6.15)
The lower bound is reached by choosing the projections {Pα} to be onto a basis in
which ρeff(σ) is diagonal. In this connection the Tr(Pα) term in (6.11) which contributes
+Σαp(α) log Tr(Pα) to the missing information is important. It is that term which fa-
vors choosing Pα which are as refined (low dimensional) as possible. In usual quantum
mechanics, the decoherence functional for alternatives defined on a single spacelike surface
is D(α′, α) = Tr[Pα′ρeff(σ)Pα], so that any set of alternatives {Pα} decoheres because of
the cyclic property of the trace. When the minimization of S(σ; {Pα}) over decoherent
alternatives is carried out in the definition (6.9), we therefore find
S(σ) = min
{Pβ}
S (σ; {Pβ}) = −Tr [ρeff(σ) log ρeff(σ)] (6.16)
— the familiar and anticipated result.
We now return to the question of the relation between the missing information S(σ′)
and S (σ′′) on two spacelike surfaces before and after a non-chronal region in the generalized
quantum theories of Section III. Eq. (3.9) shows that the decoherence functional for alter-
natives after the last non-chronal region is the same as that of usual quantum mechanics
with the effective density matrix ρ¯ defined in (6.7). In particular, the cyclic property of the
trace shows that alternatives confined to a single surface after all non-chronal regions always
decohere. We therefore have from the argument in the preceding paragraph
S (σ′′) = S (ρ¯) = S

 XρX†
Tr
(
XρX†
)

 . (6.17)
9For a convenient proof, see [27] or the discussion in the Appendix.
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The missing information (6.17) bears no special relation to the missing information in ρ
that would be calculated in usual quantum mechanics according to (6.1). Indeed, one can
show that, for any ρ, there is always an operator X that will give S(ρ¯) any value from zero
up to its maximum. That fact, however, is of no special interest in generalized quantum
mechanics. Both X and ρ are needed in the computation of all probabilities and there are
thus no alternatives for which S(σ) is given by (3.1).
The missing information, S(σ′) on a surface σ′ before a non-chronal region is not as
easily calculable as S(σ′′) because the strictures of decoherence are non-trivial. However,
it is possible to show that S(σ′) cannot be less than S(σ′′). The demonstration proceeds
along the lines of the evaluation of S(σ) for usual quantum mechanics as derived above, but
requires a more general inequality than (6.14). Specifically, it requires the inequality
− Tr(A log ρ2) ≥ −Tr(A logA) (6.18)
valid for any density matrix ρ2 and linear operator A of the form
A = Bρ1B
−1 , (6.19)
for some B and density matrix ρ1, such that the left-hand-side of (6.18) is real and positive.
The condition (6.19) is enough to allow the definition of logA. This and the derivation of
(6.18) are discussed in the Appendix.
We can apply this inequality to obtain a lower bound on S(σ′; {Pβ}) as given by (6.11)
by noting that, according to (6.4a), the probabilities for decohering alternatives {Pα} on σ′
may be written
p (α; σ′, {Pβ}) = Tr (PαA) (6.20)
where A is the operator
A =
X†Xρ
Tr
(
X†Xρ
) . (6.21)
The operator A is not a density matrix. (It is not generally even Hermitian.) However, it is
of the form (6.19) with B =
(
X†
)−1
and ρ1 = ρ¯ = XρX
†/Tr(XρX†). It is an elementary
calculation in a basis in which ρ˜max of (6.10) is diagonal to verify
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− Tr (A log ρ˜max) = −Tr (ρ˜max log ρ˜max) (6.22)
We may use this and (6.18) with ρ2 = ρ˜max to derive
S (σ; {Pβ}) ≡ S (ρ˜max) ≥ −Tr(A logA) . (6.23)
However, the cyclic property of the trace together with the definition of logA (see Appendix)
imply that Tr(A logA) = Tr(ρ¯ log ρ¯) which is S(σ′′) [cf. (6.17)]. When the minimum of the
left-hand side of (6.23) is taken over all decoherent sets {Pβ} on σ′, we therefore have
S(σ′) ≥ S (σ′′) = S(ρ¯) = S

 XρX†
Tr
(
XρX†
)

 . (6.24)
Thus, information can be gained but not lost in evolving from a spacelike surface before a
non-chronal region to a spacelike surface after all such regions.
The inequality (6.24) becomes an equality in the special case that X†X commutes with
ρ. Then the projections onto a basis in which ρ and X†X are simultaneously diagonal are
decoherent and give ρ˜max = ρ¯. If X
†X and ρ do not commute, then there certainly is no set
of one-dimensional projections that are decoherent, so one would conjecture that the bound
provided by S(ρ¯) is not realized. The determination of an optimum lower bound on S(σ′)
then becomes an interesting question.
The possibility of information gain in moving from one spacelike surface is not surprising
from the point of view of the requirements of decoherence. On a spacelike surface σ′′ to the
future of all non-chronal regions any set of alternatives {Pβ} is decoherent. On a surface σ′
to the past of some non-chronal regions only certain sets of alternatives will decohere. There
are thus more questions with which to extract information about the quantum system on
σ′′ than on σ′ and a corresponding decrease in missing information is to be expected.
We have so far considered the case of a spacetime with a single non-chronal region, but
a general spacetime may have many. When spacelike surfaces may be passed between such
regions, we may consider the missing information on each and the evolution of the missing
information from surface to surface. In general, we do not expect any particular relation
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between the values of S(σ) as we pass from one surface to a later one. It may increase or it
may decrease depending on the requirements of decoherence. However, on each surface the
missing information must satisfy the inequality (6.24) where σ′′ is to the future of all non-
chronal regions. On such a surface the strictures of decoherence are least and the information
available about the system the most.
As we discussed in the Introduction, generalized quantum mechanics permits quantum
theory to be formulated in fully four-dimensional form that does not rely on a notion of
state on a spacelike surface. In such a theory complete information about a system is not
necessarily available on every spacelike surface. Rather the appropriate notion of information
is itself four-dimensional as described in this Section. It may be necessary to search in many
regions of spacetime to recover complete information about a system [28].
VII. NO NON-CONSERVATION OF ENERGY, SIGNALING FASTER THAN
LIGHT, OR EVERETT PHONES
Generalized quantum mechanics is a modest generalization of familiar quantum the-
ory that retains the principle of the linear superposition of amplitudes in the form (3.3).
Generalized quantum theories, such as the one under discussion, may have a notion of a
Heisenberg-like state that specifies the initial and final conditions, but will not always per-
mit a notion of an evolving state on a spacelike surface. Various other generalizations of
quantum mechanics have been proposed that retain the notion of a state on a spacelike sur-
face but abandon or modify the principle of superposition in some way. Recent examples,
are the work of Banks, Peskin, and Susskind [29] and Srednicki [30] in which pure density
matrices evolve into mixed ones, and Weinberg’s non-linear quantum mechanics [31]. The
generalization of Banks, Peskin, and Susskind suffers from energy non-conservation while
that of Weinberg can permit communication faster than light and communication with al-
ternative branches of the universe in situations that have been called the “Everett phone”
by Polchinski [32].
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The above generalizations of quantum mechanics are non-linear because they incorpo-
rate a non-linear law of evolution for states on a spacelike surface. The generalized quantum
mechanics for non-chronal spacetimes under discussion in this paper cannot be characterized
as linear or non-linear in this way because it does not generally permit a notion of state on
a spacelike surface much less a discussion of the law for its evolution. This generalization
does respect the linear principle of superposition in the sense of (3.3). However, because
of the normalization factor (3.6) probabilities are not quadratically related to a pure state
vector describing the initial condition as they would be in usual quantum mechanics. For
this reason it is prudent to examine the present generalized quantum mechanics for energy
non-conservation, signaling faster than light, and Everett phones. In this Section we shall
show that decoherence prohibits all of these anomalies. Our arguments apply to all gener-
alized quantum theories although we shall describe them here for the particular case of the
generalized quantum mechanics of fields in non-chronal spacetimes.
Energy Conservation
When spacetime geometry is time-dependent we do not expect conservation of the total
energy of matter fields moving in it, even classically. Where there are compact non-chronal
regions of spacetime, the geometry will certainly be time dependent. However, we can still
analyse the question of energy conservation in those regions where spacetime is locally time
independent. Specifically, consider a region of spacetime that is foliable by spacelike surfaces
labeled by a coo¨rdinate t such that ∂/∂t is a Killing vector which asymptotically corresponds
to a time-translation in some Lorentz frame. We can then define the energy-momentum four-
vector of the matter fields on a spacelike surface of constant t as
P α(t) =
∫
t
dΣβT αβ (7.1)
where T αβ is the stress-energy of the matter fields and dΣ
β is an element of the surface of
constant t. In particular P t ≡ H is the total energy of the matter fields and the correspond-
ing quantum mechanical operator is the generator of translations in t. The total energy is
conserved between surfaces of constant t because ∂/∂t is a Killing vector, which means that
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the operator H is independent of time.
Whether energy is conserved quantum mechanically is a question of the probabilities for
the correlation of the values of H on two different surfaces of constant t. A specific example
of the calculation of such probabilities will illustrate all the features of the general case.
Consider a single non-chronal region as discussed in Section III, and suppose that before the
non-chronal region there is a region of spacetime with a time-translation symmetry in the
sense discussed above. Let {PHα (t)} denote a set of projections onto an exhaustive set of
ranges {∆α} of the total energy in matter fields, H , in the Heisenberg-like picture specified
by (3.7a). Since H is independent of t before the non-chronal region, the projections {PHα (t)}
are also.
Now consider a set of histories which contain the projections {PHα (t)} at two different
times t1 and t2 in the region of time-translation symmetry. The chain of projections before
σ− [cf. (3.10)] would have the form
Cα = C
c
αc
PHα2(t2)C
b
αb
PHα1(t1)C
a
αa
(7.2)
where Caαa , C
b
αb
, and Ccαc are themselves chains of projections. Suppose this set of alternative
histories decoheres. The joint probabilities for the individual histories may be calculated
from (3.1) and (3.12). Conservation of energy would mean
p (β, αc, α2, αb, α1, αa) ∝ δα1α2 (7.3)
for any choice of the other alternatives αa, αb, αc and β. Eq. (7.3) is not a consequence of any
operator identity since Cbαb in (7.2) need not commute with H . However, it is a consequence
of decoherence.10 Decoherence guarantees the consistency of probability sum rules. Thus,
in particular
10The argument appears to be part of the lore of consistent histories. The author learned it
from R.W. Griffiths. For a more detailed discussion including a consideration of approximate
decoherence see [33].
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p (α2, α1) =
∑
β,αc,αb,αa
p (β, αc, α2, αb, α1, αa) . (7.4)
However, the history which consists just of alternative values of the energy at time t1 and
t2 is represented by the chain
PHα2(t2)P
H
α1
(t1) ∝ δα2α1 . (7.5)
This chain vanishes unless α1 = α2 because the projections onto the values of a conserved
quantity are independent of time and projections for different alternatives are orthogonal.
Thus, p(α2, α1) ∝ δα1α2 . Since the right-hand side of (7.4) is a sum of positive numbers,
(7.3) follows also.
Obvious extensions of this argument show that, in general, decoherence guarantees the
conservation of energy in regimes of spacetime that possess a time-translation symmetry in
the sense described above.
No Signaling Faster than Light
The meaning of “signaling faster than light” requires careful definition. It is not simply
a matter of being able to infer the probabilities of alternatives in one spacetime region from
alternatives in a spacelike separated region. The EPRB situation in which two spins prepared
in a singlet state move into separate spacelike regions is an example. From a determination
of the spin direction of one it is possible to infer the spin of the other. That, however, is
not a signal sent faster than light. The determination only exploits a correlation present in
the initial state. To investigate whether it is possible to signal faster than light we should
investigate whether from alternatives in one spacetime region one can infer the probabilities
of another system in another spacelike separated region when the two systems were initially
uncorrelated and remained spacelike separated at all subsequent times.
A classic example in the EPRB situation is the question of whether carrying out a
measurement on one spin can influence the probabilities of the second. From a closed system
point of view there is a third system — the apparatus — which is initially uncorrelated with
either spin and which subsequently becomes correlated with one of them with a certain
probability while the remaining spin remains always spacelike separated. As we shall show
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below it is straightforward to show from the causality of field theory that spacelike separated
alternatives remain uncorrelated if they were initially uncorrelated and there is no signaling
faster than light.
When spacetime possesses non-chronal regions, correlations arise not only from an initial
condition but also from future non-chronal regions. We remarked in Section IV that the
formula (4.3) for the probabilities of alternatives to the past of all non-chronal regions was
like that of quantum mechanics with a final as well as an initial condition. Systems that are
now spacelike separated may be in causal contact both in the past and future and correlations
arising from both initial and final conditions could exist in the present between them. We
should count neither as signaling faster than light. To meaningfully consider the possibility
of signaling faster than light, we should consider two systems that are uncorrelated both
with respect to the initial condition of the system and also any conditions that may exist in
the future.
The situation may be illustrated with a simple example. Consider two spacelike separated
regions R1 and R2 whose pasts intersect the initial surface in disjoint regions D1 and D2.
Suppose that the fields in D1 and D2 are initially uncorrelated. This means that the initial
state can be written as ρ1⊗ ρ2 where the fields in D1 act only on ρ1 and the fields in D2 act
only on ρ2.
Similarly, suppose that there are no non-chronal regions to the past of either R1 or R2
and no non-chronal regions in the common future of both D1 and D2. In particular, this
means that there are no common non-chronal regions in the future of both R1 and R2 and
ensures that there are no correlations between fields in these regions by virtue of future
non-chronal regions.
In a causal field theory the field operators in a spacetime region R are related by the
Heisenberg equations of motion only to operators in the future and past of that region. The
non-unitary evolution X thus factors into a part X1 acting only on ρ1, referring to the non-
chronal regions in the future of D1, and a similar X2 acting on ρ2. The joint probability of a
decoherent set of alternatives Pα1(R1) referring to region R1 and another Pα2(R2) referring
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to R2 then also factors
p (α1, α2) = N1Tr1
[
X†1X1Pα1(R1)ρ1
]
N2Tr2
[
X†2X2Pα2(R2)ρ2
]
. (7.6)
where N1 = Tr1(X1ρ1X
†
1) and N2 = Tr2(X2ρ2X
†
2). The causality of field theory together
with the absence of initial and final correlations thus implies the factorization of joint prob-
abilities of alternatives in spacelike separated regions
p (α1, α2) = p (α1) p (α2) . (7.7)
The probabilities of alternatives in spacelike separated regions are thus independent, and
signaling faster than light is not possible.
The fact that it is not possible to signal faster than light in the absence of built in
correlations does not mean that it would not be interesting to investigate exploiting the
correlations between spacelike separated regions provided by non-chronal regions in their
common future.
Everett Phones
In his analysis of Weinberg’s non-linear quantum mechanics, Polchinski [32] has given
an example of a kind of “communication” between different branches of the wave function
that he dubbed the “Everett phone”. Specifically, if briefly, he considers sets of histories of
a spin–1
2
ion in a Stern-Gerlach apparatus and a “macroscopic observer”. At time t1, the
z-component of the spin is determined by the splitting of the Stern-Gerlach beams. At time
t2, if the spin was up, no action is taken by the observer. If the spin was down, it is either
left alone or flipped with some probability. At time t3, if the spin was up at time t1, the
z-component of the spin is again determined. In Weinberg’s non-linear quantum mechanics,
the probability of the measurement of the spin at time t3, in the branch where the spin was
up at time t1, depends on whether the observer did or did not flip the spin in the alternative
branch where the spin was down at time t1 and the measurement at t3 does not occur. That
is the “Everett phone”. In the language of the quantum mechanics of closed systems this is
simply an inconsistent set of histories.
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These histories of the closed system spin and observer are represented by a sequence
of three branch dependent sets of projections at the times t1, t2, and t3. They are branch
dependent because, whether the alternatives {flip, no flip} or the trivial unit projection are
used at time t2 depends on the specific alternatives {up, down} at time t1. Similarly the sets
of projections used at t3 depend on the specific alternatives at time t1. Let {P↑(t), P↓(t)} be
the projections representing whether the spin is up or down at time t. Let {Pf(t2), (Pf¯(t2)}
represent the alternatives that the spin was flipped or not flipped. The four histories in the
set described by Polchinski would be represented by the chains
P↑(t3)I(t2)P↑(t1) , I(t3)Pf (t2)P↓(t1) , (7.8)
P↓(t3)I(t2)P↑(t1) , I(t3)Pf¯ (t2)P↓(t1) ,
where trivial unit projections have been included for clarity and vanishing chains have been
omitted.
Branch dependence is not an obstacle to defining the decoherence of a set of histories
[20,21,34]. If the above set decohered, the probabilities of the individual histories would be
given by
p(α) = N Tr
(
XCαρC
†
αX
†
)
(7.9)
where Cα, α = 1, 2, 3, 4, is one of the four chains in (7.8). The probabilities of histories in
which the spin is up or down at t3 are independent of whether the spin was flipped or not
flipped at t2 simply because the corresponding chains contain neither the projection Pf nor
Pf¯ .
The above is a specific example of a general situation. Consider a decoherent set of
branch dependent histories {α}. Partition this set of histories into the class consisting of a
single history α and the class ¬α consisting of all other histories. That partition is a coarse
graining of the set {α} and so is also decoherent. In the coarser-grained set, the probability
of α remains p(α). The probability of ¬α is
p(¬α) =
∑
β 6=α
p(β) . (7.10)
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Thus both p(α) and p(¬α) are manifestly independent of alternatives in the other branches.
There are no “Everett phones” in generalized quantum mechanics. Decoherence guarantees
the independence of individual branches.
VIII. CONCLUSION
The familiar quantum mechanics of unitarily evolving states on spacelike surfaces de-
pends centrally on the existence of a fixed background spacetime geometry with a well-
defined causal structure that is foliable by spacelike surfaces on which the states can be
defined. When spacetime geometry is not fixed, as in quantum gravity, or when it is fixed
but not foliable by spacelike surfaces, some modification of familiar quantum theory seems
inevitable. Generalized quantum theory provides a broad framework for constructing exten-
sions of familiar quantum theory that can apply when spacetime is not fixed [9] or when it
is fixed but not foliable by spacelike surfaces. Such theories are unlikely to permit a notion
of a unitarily evolving state on a spacelike surface or possess familiar notions of causality.
In this paper we have discussed a generalized sum-over-histories quantum mechanics for
matter fields in background spacetimes with non-chronal regions. The geometry is fixed and
given once and for all time. The matter fields do not modify it. Alternatives are defined four-
dimensionally as partitions of spacetime field configurations — a notion general enough to
describe alternatives in the non-chronal regions which are not foliable by spacelike surfaces.
Transition amplitudes between alternatives on spacelike surfaces outside the non-chronal
regions are defined by sums of exp[i(action)] over intermediate field configurations. The
non-unitarity of such transition amplitudes can be incorporated into generalized quantum
theory through an appropriately defined notion of decoherence. All probability sum rules
are satisfied for decoherent alternatives because decoherence implies them.
This generalized quantum theory of fields in spacetimes with non-chronal regions does not
display a number of familiar features of quantum theory in flat background spacetime. Most
importantly the theory cannot be reformulated in terms of states on spacelike surfaces. That
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is not surprising since the spacetime itself does not possess a foliating family of spacelike
surfaces. Lost with the notion of state is the familiar idea of causality in the sense that
the entire four-dimensional spacetime geometry past, present, and future must be known to
establish the decoherence and predict the probabilities of alternatives in the present.
Fundamentally spacetime geometry is not fixed but variable quantum mechanically.
Quantum fluctuations in spacetime geometry are central to a discussion of non-chronal
regions because it is only through the intervention of quantum gravity that spacetimes with
non-chronal regions could ever evolve [35,36]. The present generalized quantum mechanics
of matter fields in a fixed background spacetime is thus only a model or an approximation to
a more general quantum mechanics including the gravitational field. It serves to illustrate,
however, how much of the structure of familiar quantum mechanics is tied to assumptions
concerning the character of spacetime geometry and what departures from this structure we
may expect in a generalized quantum mechanics of geometry as well as matter fields.
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APPENDIX:
In this Appendix we shall provide derivation and discussion of a few results concerning
the entropy functional used in Section VI. We consider operators A that can be represented
as
A = Bρ1B
−1 (A1)
for some density matrix ρ1. We then define
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logA = B log ρ1B
−1 (A2)
where log ρ1 is the Hermitian matrix that is diagonal in the basis in which ρ1 is diagonal with
diagonal elements log pi if pi are the eigenvalues of ρ. We may then construct the entropy
functional of A and note that
S(A) = −Tr(A logA) = −Tr (Bρ1 log ρ1B−1)
= −Tr (ρ1 log ρ1) . (A3)
The inequality (6.18)
− Tr (A log ρ2) ≥ −Tr(A logA) , (A4)
where ρ2 is any density matrix such that the left-hand side is real and positive, may be
proved by extremizing the functional −Tr(A logC) over all operators C with Tr(C) = 1
(and thus over density matrices in particular). Using a Lagrange multiplier µ to enforce the
constraint Tr(C) = 1, the condition for an extremum is
δC
[
−Tr(A logC)− µTr(C)
]
= 0 . (A5)
This yields
AC−1 = µ . (A6)
Taking Tr(C) = 1 into account, this can only be satisfied by
C = A . (A7)
since Tr(A) = 1 from (A1). Since C = A is the unique extremum of −Tr(A logC) among
all operators with unit trace, it will also be an extremum among operators C such that
−Tr(A logC) is real and positive because, from (A3), −Tr(A logA) is real and positive.
To complete the demonstration of the inequality (A4) it remains only to show that the
extremum is a minimum. However, it is straightforward to exhibit density matrices ρ2
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for which −Tr(A log ρ2) is greater than −Tr(A logA) by using the basis |i〉 in which ρ2 is
diagonal with eigenvalues λ1 to write
− Tr (A log ρ2) =
∑
i
(− log λi) 〈i|A|i〉 . (A8)
If the dimension of the Hilbert space is a finite number N , choose λi = 1/N . Then, since
Tr(A) = 1 the left-hand side of (A8) is just logN . This is the maximum value of S(ρ)
on density matrices and therefore greater than −Tr(A logA) which, according to (A3), is
S(ρ1).
The reader worried about the assumption of a finite dimensional Hilbert space in the
last argument can consider the following slightly more special argument: If there is a basis
in which 〈i|A|i〉 is real and positive for a single basis vector |i〉, then we can choose λi = 0
for that vector to obtain a positive, infinite value of −Tr(A log ρ2) from (A8). The operator
A given by (6.21) certainly has such a basis, for example the basis in which ρ is diagonal.
Then
〈i|A|i〉 = Npi〈i|XX
†|i〉 (A9)
where pi are the eigenvalues of ρ. The right-hand side of (A9) is clearly real and positive.
Thus, the extremum C = A is a minimum and the bound (A4) is established.
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FIGURES
FIG. 1. A compact non-chronal region of spacetime NC with spacelike surfaces σ′ and σ′′
before and after. Alternatives may be defined on these spacelike surfaces, but the transition matrix
between them defined by a sum over intermediate field configurations is not necessarily unitary if
the field is interacting.
FIG. 2. A local piece of a spacelike surface R that is spacelike separated from a non-chronal
region NC. R may be regarded either as lying on a spacelike surface σ′ before NC or as lying
on a spacelike surface σ′′ after NC. If quantum mechanics is to be consistently formulated in
terms of states on spacelike surfaces, then a prescription must be given for whether to compute the
probabilities of alternatives confined to R with σ′ or σ′′ if the evolution through NC is not unitary
for the results are not the same.
FIG. 3. A spacetime with a single non-chronal region NC. Before NC there is an initial region
that can be foliated by spacelike surfaces some of which are illustrated. Afterwards there is a similar
final region. The text describes a generalized quantum mechanics for computing the probabilities
of decoherent histories of alternatives defined on these surfaces even when the evolution through
NC is non-unitary.
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